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Shopping List

Find a basis {¢n}32 4 = ® C C®(R) for which Z := ¢[L] is an
infinite complex matrix such that
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Shopping List

Find a basis {¢n}32 4 = ® C C®(R) for which Z := ¢[L] is an
infinite complex matrix such that

m tridiagonal
fast computation: computation to nth term is O(n)

m skew-Hermitian
stability: A skew-Hermitian = e unitary
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Shopping List

Find a basis {¢n}32 4 = ® C C®(R) for which Z := ¢[L] is an
infinite complex matrix such that

m tridiagonal
fast computation: computation to nth term is O(n)

m skew-Hermitian
stability: A skew-Hermitian = e unitary

We call such a basis ®, a T-system.
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OPS Basics: What are They?

A sequence {p,}7>, = P is called an orthogonal polynomial
system with respect to weight w : R — [0, 00) if

E p, is a polynomial of degree n,

m [ pmpow = 0 if and only if m # n.
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OPS Basics: What are They?

A sequence {p,}7>, = P is called an orthogonal polynomial
system with respect to weight w : R — [0, 00) if

E p, is a polynomial of degree n,

m [ pmpow = 0 if and only if m # n.
It is a straightforward exercise that monic OPS's follow the three
term recurrance relation

p1(x) = (x = co)po(x),
Pn(X) = (X - Cn)pn—l(X) - )\npn—2(X) n=23,...,

where ¢,, A\, are real and A, > 0.
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OPS Basics: The Jewel

In 1935 Jean Favard showed the
rermarkable fact that the converse
holds:

given real sequences {cp},{A\,} with
An > 0, there exist {p,} such that

{m(x) = (x — c0)po(x).
pn(x) = (x = cn)Pn—1(x) — Anpn—2(x),

for n > 2, and there exists a ‘weight’
w such that P is an OPS with respect

to it. Figure: Jean Favard,

August 1963
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OPS Basics: A Whole Zoo

Given positive-definite weight function w(x) > 0, one can use the
Gram-Schmidt process to generate an orthonormal polynomial
sequence from {1, x,x2,...} with respect to inner product

(P, q)w = [ pqw.
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OPS Basics: A Whole Zoo

Given positive-definite weight function w(x) > 0, one can use the
Gram-Schmidt process to generate an orthonormal polynomial

sequence from {1, x,x2,...} with respect to inner product
P @)w = f2 pqw.
w(x) = e — Hermite polynomials H,,.

Wa(X) = X[0,00)(X)x*e™> — Laguerre polynomials L&,a).

w(x) = (1 — x?)71/2 — Chebyshev poly. of the first kind Th.

W(a,5)(x) = (1 — x)*(1 4 x)” — Jacobi polynomials pieA),
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OPS Basics: A Whole Zoo Con

Hermite (physicists’) Polynomials
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Figure: wikipedia commons
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Putting Pen to Paper

Multiplying by complex phase factors in {z € C: |z| = 1}, the
criterion for 2 is WLOG equivalent to finding

/ icowo + bop1 n=0
—bp_1¢n—1+ ichpn + bnpnt1 n=1,2,...

where by, ¢, real and b, > 0. Additionally, if ©q is even, then
¢, =0.
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A Curious Coincidence

Want:

, icowo + b1y n=20
_bn—l(Pn—l + iCncpn + bn(Pn-i-l n= 1, 2, -

Where @ is linearly independent.
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A Curious Coincidence

Want:

;) _ ) icopo + bipr n=0
" _bn—l(Pn—l + iCn‘Pn + bn(Pn—l—l n=12,...

Where @ is linearly independent.
Have (Favard’s theorem):

xpn(x) = copo(x) + bnp1(x) n=0
a(x) =
anpn—1(x) + cnpn(x) + bapnti(x) n=1,2,...
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A Curious Coincidence

Want:

;) icowo + bipr n=0
" _bn—l(Pn—l + iCn‘Pn + bn(Pn—l—l n=12,...

Where @ is linearly independent.
Have (Favard’s theorem):

xpn(x) = copo(x) + bppi(x) n=20
! anPn-1(X) + CnPn(X) + bupny1(x) n=1,2,...

Note: F{f'}(&) = i€ F{f}(&) where F{f}(&) := [ f(x)e™*¢dx.
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The Trick

©n = _bn—1§0n—1 + iCnSOn + bn(Pn—l—l (b—l = 0)
 iXPn = —bn_1Pn1 + icnpn + bnpns1  (apply F)
g Xiin@ = bn—lii(nil)@—\l + Cniin@ - b (1 )90 +1-
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The Trick

/

©n = _bn—lﬂpn—l + iCnSDn + bn(Pn—l—l (b—l = 0)
 iXPn = —bn_1Pn1 + icnpn + bnpns1  (apply F)
g Xiin@ = bn—lii(nil)@—\l + Cniin@ - b i (1 )90 +1-

Also want orthogonality; Parseval’s theorem says
[F(x)8(x)dx = f f(x)g(x)dx, so (for orthogonality) it suffices to

———

find P such that l—mgoml "on = PmPnW
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The Trick

SOI,, = —bp_10n-1+ iCapn + bnni1 (b—l = 0)
& ixPn = —bn 10n 1+ icaon + bnPni1  (apply F)
g Xiin@ = bn—lii(nil)@—\l + Cniin@ - b i (1 )90 +1-

Also want orthogonality; Parseval’s theorem says
[F(x)8(x)dx = f f(x)g(x)dx, so (for orthogonality) it suffices to

———

find P such that l"”gpml "op = PmPaW
Note ¢, := i"F*{p,/w} works. Plugging back in we get

XP,,(X) = bnflpnfl(x) + Cnpn(X) - ann+1(X)

So by Favard's theorem such a P always exists.
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Basis of What?

Span(®) = F{SpanP+/w}
If P lq is dense in Ly(Q2) where Q := supp(w), then

Span(®) = {f € Lo(R) : F{f} has support on Q} =: PWq(R)
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Basis of What?

Span(®) = F{SpanP+/w}
If P lq is dense in Ly(Q2) where Q := supp(w), then

Span(®) = {f € Lo(R) : F{f} has support on Q} =: PWq(R)

Find P with Q =R
dense in Lp(R)
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Basis of What?

Span(®) = F{SpanP+/w}
If P [q is dense in Ly(£2) where Q := supp(w), then
Span(®) = {f € Lp(R) : F{f} has support on Q} =: PWq(R)

Generate ¢
= with ¢, =

inf_l{Pn\/W}

Find P with Q =R
dense in Lp(R)
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Basis of What?

Span(®) = F{SpanP+/w}
If P lq is dense in Ly(Q2) where Q := supp(w), then
Span(®) = {f € Lp(R) : F{f} has support on Q} =: PWq(R)
Generate ¢

Find P with Q =R _ Then & is a T-system

dense in Ly(R) - \I/\,I,I;lj_lfg JW:}:> for PWg(R) = Ly(R)
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Examples

Hermite (w(x) = e ™).
— Hermite functions ¢p(x) = H,,(x)e*X2, dense in Ly(R).
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Examples

Hermite (w(x) = e ™).
— Hermite functions ¢p(x) = H,,(x)e*X2, dense in Ly(R).
Laguerre (w(x) = Xo,00)(X)e ™). ;\(/;) :P:(X) W(_X:)
— Malmquist-Takenaka functions ",

n [2 (142" 1 "_"\/EGJ@"X) =T
pn(x) = \/; (1—2ix> 1-2ix" denseﬂ o o "
dense in PWpg ) (R). PW_c oi(R).

So {pn}ie o gives ‘T-system’ dense in
PWi0,00)(R) ® PW(_ q)(R) = Lo(R).

Philipp Wiedemann Department of Applied Mathematics and Theoretical Physics, Cambridge University

Preparing a Tridiagonal Skew-Hermitian Differentiation Matrix on the Real Line



Examples

Hermite (w(x) = e ™).
— Hermite functions ¢p(x) = H,,(x)e*X2, dense in Ly(R).

Laguerre (w(x) = Xo,00)(X)e ™). ;\(/;) :P:(X) W(_X:)
— Malmquist-Takenaka functions ",

o [2 (142ix\" 1 l'_"\/zGJr%'-X) —,
pn(x) = ﬁ(m) T genee L
dense in PWpg ) (R). PW(_oq/(R).

So {pn}ie o gives ‘T-system’ dense in
PWi0,00)(R) ® PW(_ q)(R) = Lo(R).

Continuous Hahn (w(, ;) (x) = =T (a+ ix)I(b— ix)).
— gog,a’b)(x) = (1 — tanh x)?(1 + tanh x)ng,za_l’zb_l)(tanh x),

dense in Ly(R).
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Malmquist-Takenaka Functions Plot
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Figure: Malmquist-Takenaka Functions
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Transformed Hahn Polynomials Plot
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A Method on Fast Computation

Transformed Laguerre

o0 — 1 g 1 0 0 .
f(x)pon(x)dx = ——— f|=tan= 1—itan= e ™qd0
/oo ()en() V2min /ﬂ (2 2) ( 2)
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A Method on Fast Computation

Transformed Laguerre

/Oo f(x)en(x)dx = \/%/" / £ (1 tan g) (1 _ itan Z) o—iM g

Transformed (Normalised) Continuous Hahn
(a=b=1/4,a=b=3/4)

/ f(x)Tn(x)dx = \/T/ f (Iog cot 9) (\:;SLZdH n=0,
_ sin

> cos nf
/ X)Tp(x)dx = \/>/ <Iog cot — > =7 0d6’ n>1;

/_Oof X)Un(x dx_\[/ (Iog )S'“f/s%)ede n>0.
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